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Optimal Joint Measurements of Position and
Momentum

D. M. Appleby’
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The distribution of measured values for maximally accurate, unbiased
simultaneous measurements of position and momentum is investigated. It is
shown, that if the measurement is retrodictively optimal, then the distribution of
results is given by the initial state Husimi function (or Q-representation). If the
measurement is predictively optimal, then the distribution of results is related to
the final state anti-Husimi function (or P-representation). The significance of this
universal property for the interpretation of the Husimi function is discussed.

1. INTRODUCTION

There is currently some interest in simultaneous measurements of posi-
tion and momentum (Arthurs and Kelly, 1965; Wodkiewicz, 1984, 1986,
1987; Braunstein et al., 1991; Stenholm, 1992; Halliwell, 1992; Burak and
Wodkiewicz, 1992; Leonhardt and Paul, 1993, 1995; Torma et al., 1995;
Englert and Wodkiewicz, 1995; Busch et al., 1995; Power et al., 1997;
Banaszek and Wodkiewicz, 1997; Ban, 1997; Leonhardt, 1997). Measure-
ments of this kind have an immediate, technical relevance to the field of
quantum optics. They also have a rather more general, conceptual relevance
to the problem of understanding the classical limit.

In Appleby (1998a—c) we discussed the accuracy of such measurements.
We began with Braginsky and Khalili’s (1992) analysis of single measure-
ments of x only, and extended it to the case of simultaneous measurements
of x and p together. We identified two types of error: the retrodictive (or
determinative) errors Aeix, Aejp, and the predictive (or preparative) errors
Acix, Acsp. We showed that, subject to some rather unrestrictive assumptions
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regarding the nature of the measurement process, they satisfy the retrodictive
error relationship

Aeix Aeip =

3

and the predictive error relationship

h

Acix Aeip = =
o Aep =7

In the following we address the question: What (if anything) can be said
about the distribution of measured values in those cases where the lower
bound set by one of these inequalities is actually achieved?

We begin, in Section 2, by considering measurements which are retrodic-
tively optimal. We define a retrodictively optimal measurement to be any
measurement belonging to the class of processes defined in Appleby (1998c)
which minimizes the product of retrodictive errors (so that AgxAcp = £/2),
and which is retrodictively unbiased [so that the systematic errors of retrodic-
tion are zero—see Eq. (1) below]. We show that for such measurements the
distribution of measured values is always given by the initial-system-state
Husimi function, or Q-function (Husimi, 1940; Hillery et al., 1984; Lee,
1995; Leonhardt, 1997).

A number of related results have been obtained by other authors. In the
case of the Arthurs—Kelly process several authors (Arthurs and Kelly, 1965;
Braunstein et al., 1991; Stenholm, 1992; Leonhardt, 1997) have shown that
the Husimi function describes the distribution of measured values for certain
choices of initial apparatus state. Leonhardt and Paul (1993, 1995) have
shown that the same is true for a number of other processes. However, none
of these authors relate the distribution of measured values to the accuracy
of the measurement process.

Busch (1985) and Appleby (1998b) have analyzed the Arthurs—Kelly
process in terms of the accuracy of the measured values, and have shown
that the Husimi function gives the distribution of results in precisely those
cases where the measurement is retrodictively “optimal” or “best.”

Wodkiewicz has proposed an “operational” approach to the theory of
phase space distributions (Wodkiewicz, 1984, 1986, 1987; Burak and Wodkie-
wicz, 1992; Englert and Wodkiewicz, 1995; Banaszek and Wodkiewicz, 1997,
Ban, 1997; Marchiolli et al., 1997). If one takes the filter reference state (or
“quantum ruler”) used to define the operational distribution to be a squeezed
vacuum state, and a minimum uncertainty state for X and p, then one obtains
the Husimi function. It could be said that the Husimi function is the operational
distribution corresponding to the case when the quantum ruler is most exactly
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and finely calibrated—a fact which obviously ties in with the result which
we will prove in Section 2.

However, the result which is most similar to ours is the one obtained
by Ali and Prugovecki (1977), working within the framework of the approach
based on POVMs (positive operator-valued measures) and unsharp observ-
ables (Prugovecki, 1976a, b, 1978, 1984; Holevo, 1982; Busch, 1985; Busch
et al., 1995; Ban, 1997). Ali and Prugovecki prove a general theorem. How-
ever, it is considerably less general than the theorem which we will prove
in Section 2. In the first place, the definition of the experimental accuracy
which is employed by Ali and Prugovecki is only valid for a limited class
of measurement processes, as is shown in the appendix to Appleby (1998b).
The validity of their result is further restricted by the fact that they only
prove it for processes which are Galilean covariant. In Section 2 we prove
the proposition under assumptions which are much less restrictive (in fact,
it turns out that a retrodictively optimal measurement process always is
Galilean covariant; however, that is a consequence of our argument—we do
not begin by assuming it). It may also be worth remarking that our way of
analyzing simultaneous measurement processes is rather different from the
approach of Ali and Prugovecki. In particular, the objections raised by Uffink
(1994) do not apply to our arguments.

In Section 3 we go on to consider predictively optimal measurements—
i.e., measurements of the type defined in Appleby (1998¢c) which minimize
the product of predictive errors (so that Acx Agp = 4/2). We show that in
the case of such a measurement the distribution of results is related to the
final-state anti-Husimi function, or P-function (Glauber, 1963; Sudarshan,
1963; Hillery et al., 1984; Lee, 1995; Leonhardt, 1997). This result extends
aresult proved in Appleby (1998b) for the particular case of the Arthurs—Kelly
process to the general class of measurement processes defined in Appleby
(1998c¢).

In Section 4 we conclude by discussing the bearing of our results on
the interpretation of the Husimi function. In Section 2 we show that the
Husimi function describes the outcome of any retrodictively optimal process.
In other words, the Husimi function has a universal significance. We will
argue that this lends some support to the idea that the Husimi function is the
quantum mechanical entity which most nearly resembles the classical concept
of the “real” or “objective” distribution describing an ensemble of identically
prepared systems.

2. RETRODICTIVELY OPTIMAL MEASUREMENTS

We will say that a simultaneous measurement process of the kind defined
in Appleby (1998c¢) is retrodictively optimal if the following hold:
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1. The process is retrodictively unbiased, so that
U X dapléxillV X Gap) = (U X daplépilV R ) = 0 (1)

for all W) € H,,.
2. The product of retrodictive errors achieves its lower bound, so that

Aeix Aeip = (2)

3

Here and in the sequel we employ the notation and terminology of Appleby
(1998c¢). Thus, Wy € Hs and |Gapy € Hap are the initial states of the system
and apparatus, respectively. €x;, €p; are the retrodictive error operators. Aeix,
Acip are the maximal rms errors of retrodiction.

In Appleby (1998b) we considered the special case of the Arthurs—Kelly
process. In that case one has the commutation relation

[€xi, €pi] = —ih (3)

This relationship, and the condition of Eq. (2), together imply Eq. (1). In the
general case, however, it is necessary to impose as a separate condition the
requirement that the measurement be retrodictively unbiased.

In the general case the commutation relationship of Eq. (3) cannot be
assumed. However, it was shown in Appleby (1998c) that Eq. (1) implies
the weaker statement

W X dapl[€xi, €pi]lV X o) = —ih (4)

for every normalized ) € s (but fixed |dapy). It turns out that this is
enough to prove that the distribution of measured values is given by the
initial system state Husimi function for any retrodictively optimal process.
However, the fact that we can no longer assume the commutation relationship
of Eq. (3) means that the proof of this statement is less straightforward than
the proof given in Appleby (1998b) for the special case of the Arthurs—
Kelly process.
In view of Egs. (2) and (4) we have

;12

(U 3 Gupl€llr & hup) (U X apl €8N & ) ="~ )

for every normalized ) € Hs. We deduce:

Lemma 1. Given any retrodictively optimal measurement process with
initial apparatus state |d4p), there exists a fixed number A; such that
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)\(2
(W ® ¢AP|EX1|\|J ® Pap) = -

2

2)b2

<\|J ® (I)ap| €P1|\|j ® (I)dp

for every normalized ) € Hs,.

Remark. We will refer to A; as the retrodictive spatial resolution of
the measurement.

Proof. For each normalized ) € ¥, define the number Ay by
ey = 20 R Papl&illr X ap)) "
In view of Eq. (5) we then have

n_ —h
((‘lj ® (I)ap| €P1|\|j X (I)dp>) \/5)\’

We have from the definitions of Aeix, Aeip (Appleby, 1998c)

o ~2 12 — supye 9(Ay)
Aelx lE;lepy (<\|f ® (I)ap|€X1|\|J ® (I)ap» \/5
and
= W h
Aelp st)uepff (<\|" ® (I)3P| €P1|\|" ® (I)dp>) \/2inf|\lj)€5f ()\'\l!)

where & denotes the unit sphere in the system state space. In view of Eq.
(2) it then follows that

| @n j(M) = sup, (M)

which means that Ay must be constant. m

We next define the operators

(6)

B 1 1. i\
= ey + B,
el \/5 ( X P )
In the general case we cannot assume the commutation relation of Eq. (3).

It follows that éy,, EL are not, in general, ladder operators. We do, however,
have the relationship of Eq. (4), and this is enough to prove the following.
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Lemma 2. Given any retrodictively optimal measurement process with
initial apparatus state |,y and retrodictive spatial resolution A, let ¢ be

the operator defined by Eq. (6). Then
CAMN’ ® Papy = 0

for every ) € ¥y,

Proof. Given any normalized system state [\, let o, B € R be the real

and imaginary parts of (U % duléxerill & hup):
U X dapléxi€rily X dapy = o + iff
We have
(@ + B = U X dupléxi€rill X dup)l

= &l 5 dup) [ eri1 Y X )] =

where

s

12
l€xilV & dapdll = (<\|f X Papl€xill X <I>ap>)

h

12
I€pilV X dap)ll = (<\|f R Puplépily & ¢ap>) ="

are the norms of the vectors €xily & qp), €pilY X o).
In view of Eq. (4) we also have

—ih = (U X dapl[€xi, €pi] IV ® $apy = 2if

Consequently, o = 0 and 8 = —h/2. We then have

Iy X (I)ap| éxi€pily & (I)ap>| = % = |lexily ® (I)ap>||'||éPi|\|f ® (I)ap>”

(7)

Now it is generally true in any Hilbert space, that two vectors |\V}), 1'¥y)

having the property
(P Il = |||T1>||'|||T2>||
must be parallel. Hence

éPi'\lf ® (I)ap> = ’YéXINJ ® (I)3P>
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for some y € C. Inserting this result into Eq. (7), we find

_ _ih
LY
The claim follows. m
Now let
p(WUxs, HUpr) = J dxe dyri . . . dye 1, B, Ben Vit - - Yl @ Ul?  (8)

be the probability distribution for the final pointer positions. In this expression
Ixt, Wxr, Upe, Y, - - - » Yy i the simultaneous eigenvector of the Heisenberg-
picture operators X, [lxs, [Lpf, Vij, with eigenvalues xr, [xs, Lpr, yi. We continue
to employ the notation and terminology of Appleby (1998c). Thus, X is the
final system position operator, fxr and [ip¢ are the final pointer position
operators, and the [i; represent the additional, internal degrees of freedom
characterizing the apparatus.
Let I(x, p);y € ¥ be the coherent state with wave function

1/4
, Y A1, i, L
ol p)m—(w) exp[—zkiz (' =9 + 7 px —%px] ©)
and let

0 ) = Ks P (10)

be the initial system state Husimi function (Husimi, 1940; Hillery et al.,
1984; Lee, 1995; Leonhardt, 1997). We want to show

p(xe 1er) = On(Hxr Her)

for almost all pxy, tpr whenever the measurement is retrodictively optimal at
spatial resolution A; (“almost all” being defined relative to ordinary Lebesgue
measure on the plane). Our strategy will be to begin by showing that the
two functions have the same moments:

J duxedpies Wxepr P(Uxs, Wpr) = J dpxedper pxipr On(Uxs, Her)

for every pair of nonnegative integers n, m. Unfortunately, we then face the
difficulty that although p and Q,; are always defined, whatever the initial
state of the system, the same is not true of their moments. This is because
Xi, i, [Ixt, [Lpr are unbounded operators. The way in which we will circumvent
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the difficulty is, first, to prove the result on the assumption that [\/) is in an
appropriately chosen dense subspace of ¥y, and then to use a continuity
argument to extend it to the case of arbitrary ).

Let &M, &L, be the ladder operators

(11

and define number states In)), € H,, in the usual way, by the requirements

B 1
al0); =0, €010 = 1, lny, = \/— aliloy,
n!

(with a slight abuse of notation we sometimes regard the operators x; and p;
as acting on ¥y, and sometimes as acting on sy X H.,). We then define
%), to be the dense subspace of s, consisting of all finite linear combinations
of the vectors |n)y,.

It is easily seen that %), is in the domain of definition of every polynomial
Axi, pi). In particular, the integral

J dx dp X"p" On(x, p)

is defined and finite for all n, m whenever Qy, is the Husimi function corres-
ponding to a state in %),
Now define the operators

(1. ik
= f (z e+ pr)
- 1 1. A
bI\i = \/5 (Z Hxr ZZL HPf)

These operators commute, and so they are certainly not ladder operators.
We have
b,

1

=aj, + o, (12)

where CA)\i and &L are the operators defined in Egs. (6) and (11), respectively.
Let ) be any vector € F;,. Then I X ¢,,) is in the domain of aj,. It is
also in the domain of CA)\i (the definition of a retrodictively optimal process
tacitly assumes that [ X ¢yp) is in the domain of €x;, €pi, and therefore in
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the domain of Exi, for all ). It is consequently in the domain of Z;L. Moreover,
in view of Lemma 2,

B R dap) = (@l 1)) X Idhap)

where af, 1) also € F,. Iterating the argument we conclude that W &) ¢ap)
is in the domain of b}(i” and

DI &% dap) = (ali1) X 1ap)
for every nonnegative integer n. Taking adjoints gives
U R uplbf = (W) X (ol
for all m. Consequently,
(U R Gupl LIV X by = (Wlaiiali )

Now
W X (I)apusﬁlgmw X (I)ap> = J dpxe dper zi zE' p(Uxe, Her)

where p is the distribution of final pointer positions, as defined in Eq. (8),
and zy,; is the complex coordinate

_ (L i
Zn = \/2()\4 pxr + X HPf) (13)

Also (Hillery et al., 1984; Lee, 1995; Leonhardt, 1997)
Ulagiaiyy = J diuxr dier 282 O, (Wxr, o) (14)

where ), is the initial-system-state Husimi function, as defined in Eq.
(10). Therefore

~

J dpxe dper zizE' p(Uxe, per) = | dpxe dper 230528 On(Kxe, Lpr)

J
for all n, m. It follows that

~

J duxr duer iz, 28) p(Uxe, Ber) = | dixe duer f(2 25) On(Wxe, Wer)

J
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for every polynomial f. In particular,

J dpxe dper PXepr P(Uxs, Her)

= J dpxe dper PXipe On(Uxs, Her) (15)

for all m, n.

At this stage one needs to be careful. It is tempting to suppose that two
probability measures which have the same moments must be equal. In fact,
this inference is not always justified (see Reed and Simon, 1975, Vol. 2).
However, it is justified here, as we show in the Appendix. Consequently

p(xs Ke) = On(Mxr Her) (16)

for almost all pxr, ppr whenever the initial system state ) is in the space
T

It remains for us to show that the distributions are equal in the case of
arbitrary ) € . We will do this by using a continuity argument.

Choose a sequence [,y € F,, converging to I\). Let 0, , be the Husimi
function and p, the distribution of measured values corresponding to I\,).
Let Oy, be the Husimi function and p the distribution of measured values
corresponding to [\).

We have, as an immediate consequence of the definition, Eq. (10),

On(Kxr, Kep) = li_{glo(Qm,n(HXf, er)) (17)

for all Wxf, Hpf.

On the other hand, it is not generally true that p, converges pointwise
to p. It does, however, contain a subsequence which converges pointwise
almost everywhere. In fact, let &£; be the Banach space consisting of all
integrable functions on R? with norm

I/ = J dpxe dppr If (xe, pep)
We have
lp — palli = J duxr dipl J dxe dysi . . . ya(I(xe, 1xe, Wes, Vei, - - -, YelP

® (I)3P>|2 - |<xf, WUxf, LLpf, Y1, - - - yfnhl—’n ® (I)ap>|2)|
= (I X Gapy = Wi K apdlI(IIY X dap)ll + 1V & )

-0
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We see from this that p, — p in the topology of &;. We may therefore use
the Riesz—Fisher theorem (Reed and Simon, 1975, Vol. 1) to deduce that it
contains a subsequence pP,, such that

p(pxs, Wep) = }LIg(Pnr(MXf, 1)
for almost all pxr, ppr. In view of this result, Eq. (17), and the fact that
P (xes Ppr) = Cgm(Uxr, LLpr)
for all r and almost all pxr, ppr we deduce that
p(pxs ter) = Q(pxe, Her)

for almost all pxr, Mpr.

3. PREDICTIVELY OPTIMAL MEASUREMENTS

We will say that a simultaneous measurement process of the kind defined
in Appleby (1998c) is predictively optimal if the product of predictive errors
is minimized:

Aﬁ&m=§ (18)
In view of the commutation relation
[€xr, €pf] = ih (19)

there is no need to impose the condition that the measurement be predictively
unbiased as a separate requirement: it is a consequence of the condition of
Eq. (18).
Equations (18) and (19) together imply
12

<w®mﬁ%w®mmw®mﬁaw®m@=%

for every normalized ) € Hs. By an argument which parallels the proof
of Lemma 1 we infer that there exists a fixed number A such that

2

W% Ry X ) =

;12

207

<\|j ® (I)ap|é12)f|\|j ® (I)ap> =
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for every normalized ) € Hs,. It is then straightforward to show that
B X byp) =0 (20)

for all W) € ¥, where dj,; is the annihilation operator

1 1, ik .
=77 T €éxr+ €
» \/5 (M xi + 7 €nr
Since €xr, €pr are canonically conjugate, there exist kets l€xr, Uxs, Wpr, pii,

., Yinye Which are simultaneous eigenvectors of the operators €xg, [ixf, [Lpf,
Jr, and which have the property

(€xt, X, LPhs Vil - - - » Vil €pel P

= i

0

—ih o (€1, UX, WP, ViLy - - - 5 Vil ') (21)
Xf

for all 1Y) € sy X H,p. In view of Eq. (20) we then have

1 foi
Texe + A «(€xs, UXp Wby Vil, - - - Yinl W &) dap) = 0
)\,f 8€Xf

for all ) € Hsy. Solving this equation, we find

{€XE, 1UXE 1P Vils - - - » Vil U & Dap)

1/4
1 1
= (nk%) exp I:_z_)‘% €§(f:|q)(uxr‘, Wty V1, - - - 5 Vin) (22)

where @ is an arbitrary normalised function.
There also exist kets |xg, txr, tpp, Vi, - - - » Yin)x Which are simultaneous
eigenvectors of the operators Xr, [ixr, [lp, Jiy With the property

RETAITRCRTI T SR T T b ot

0
= _iha_ KX, Xt et ity - - -5 vl P (23)
Xf

for all I'¥) € ¥y X Hap. In view of the defining relation €xr = [ixr — X
we must have

e, xts LPEs VfLs - « « 5 Pin)x
= e—lX(Xt}HXf,HPf,}’t‘l,m,}’t‘n) |HXf — Xf, X6 KPf Vs - - - s yf>s (24)

where exp[iy(xr, Uxf, et Vfl, - - - » Yia)] 15 @ phase. In view of Egs. (21) and
(23) we must then have
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Xt Uxr, WUef, Vi,
_ _ ., 0

—lh

< yfn|];f| lP)

Oxt

ey yf,1|lP>)
and

X7, x> Wpes Vit - - - > vl prl'P)

I X Ea UPEVE LoV _ Nor — €
QLOTHXERPEITLYin) (e — e Lae, Wbty Vit -« > Vial lpr — €prl V)
= el’X(Xt‘,uxf,qu,yt‘l,m,yt‘n)

R
X (pr + ih 8€ ) S<€Xf’ Kxf, HUpf, Vfl, - 5 yfl1|\P>|éXf:p.Xf—Xf
Xf

for all ¥y € %y X ¥,,. Hence

h 8_ X(xr, Uxe, KPE Vils - - - 5 Vin) = Hpr
Xt

which implies

XX, xes Wpts Vils - - -5 Vin) =

SN

Ler X+ Xo(Uxt, Kpfs Vfls - - - > Vin)

where Y, is an arbitrary function. Using this result and Eq. (24) in Eq. (22),
we deduce that the final-state wave function can be written

X<x/', HXf, HPf, B2 o) yfnhl—’ ® (I)ap>

X O(pxr, Wer, i,

1/4
1 1 z ;
= (nk%) exp[ —2)& (uxr — x)° + Py peexy + io(Lxs, pfs Vil, ,yfn):|
. ayfn)

In terms of the state |(xr, per)y) defined in Eq. (9) this becomes
KXpy UXE, PE Vil -« Vinl U &) Pap)

= (xil(pxe e (Uxe, Wee Yty - - -5 Vi)

819
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where

Q' (uxe, s, yris - - - » Yin)

. i
= epr:ZXO(HXf, Wpe, ety -« -5 Vi) T 2_;1 HPfHXf:|

X O(uxe, Wes, Yo, - - -5 Yin)

The distribution of measured values p(Lixs, Lpr) can be written in terms of @':

p(uxe, tpr) = J dyir ... yo 1D (e, Bes, Ve, - o)l

Suppose, now, that the pointer positions are found to be in the region R C
R% Let Py be the reduced density matrix describing the state of the system
immediately afterward. Then

R 1
(x1lPsylxey = duxe duer dyr . .. dyo 1D (Uxs, Wt Vit - -, yi)l?
P2 Jaxwr

X (xpl(pxr, eoae) ((Kxrs Bpp)aelxr2)
where pg, is the probability of finding (Uxs, MUpr) € R:
pa = L duxe dyers P(Uxe, Kpr)
Hence
Psy = p%i Li duxe dper P(Uxr, Ker)l(ixe Ledap((Kxr el

On the other hand,
Psy = J duxe dper Pr(pxe, Len)l(Uxe, ep)ae)((xe, 1pp)igl

where Py is the anti-Husimi function, or P-function (Glauber, 1963; Sudars-
han, 1963; Hillery et al., 1984; Lee, 1995; Leonhardt, 1997) describing the
final state of the system. Comparing these expressions, we see that

(1/pa)p(pixr, Hpr) if  (pxe, pep) € R
0

25
otherwise (25)

Py (uxs, per) = {

If R is a sufficiently small region centered on the point (Wxs, [pr), the system
is approximately in the state I(pxr, Mpp)y) after the measurement:
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~ l(uxe, weoa((uxe, wep)l

Equation (25) shows that the effect of a predictively optimal measure-
ment process is to leave the system in a state for which Py, is a probability
density function. Such states are, of course, exceptional. In many cases,
P, 1s not even defined as a tempered distribution (Hillery et al., 1984; Lee,
1995; Leonhardt, 1997).

4. THE INTERPRETATION OF THE HUSIMI FUNCTION

The result proved in Section 2 shows that there is a certain analogy
between the Husimi function and the x-space probability density function
I(xI\yI%. To see this, let us examine just what is meant by the statement that
I(xIyI* Sx represents the probability of finding the position to lie in the
interval (x, x + Ox).

Consider a measurement of x only. For the sake of simplicity suppose
that the measuring apparatus has only one degree of freedom, corresponding
to the single pointer observable [ix (the argument which follows does not
depend on this assumption, however). Let ) and |d.p) be the initial states
of the system and apparatus, respectively, and let U be the umtary evolution
operator describing the measurement interaction. Let x1 =xand [i Uxe = UTerU
be the Heisenberg-picture operators describing the initial position of the
system and final position of the pointer, respectively. Let €xi = [ixr — )Ei be
the retrodictive error operator.

The final-state wave function can be written (in the Schrodinger picture)

@ uxlT I R ¢y = J dx' K(x, px; X))

for some kernel K. The probability distribution describing the result of the
measurement then takes the form

p(ux) = [ J dx' K(x, px; X)W (26)

J

After a certain amount of algebra one also finds

WX duplékilV X ¢,y = | dx dux | J dx’ (ux — x') K(x, px; X)W1

27)
Suppose that Agix = 0. Then we see from Eq. (27) that K must take the form
K(x, px; x') = flx, px)d(ux — x")
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for some function f. The unitarity of U means that f must satisfy
de If (e, ux)I> =1

Using these results in Eq. (26), we find
p(kx) = Kuxhnl?

whenever the measurement is perfectly accurate for the purposes of
retrodiction.

Suppose, on the other hand, that A¢ix > 0. Then p(px) will not generally
coincide with the function [(ux)I%. If Ay is small compared with the
de Broglie wavelength, then we see from Eqs. (26) and (27) that p(ux)
~ l(uxIP)l>. Otherwise, we do not expect the two functions even to be
approximately equal.

Although one may possibly approach, one does not expect actually to
achieve the limit of perfect accuracy. It follows that one does not expect
the function [{uxI\y)l* to describe the outcome of any practically realizable
measurement of position.

This being so, what, exactly, is the significance of the function I{uxI\)I*?
In the first place, it serves as a standard of comparison against which the
outcome of experimentally realizable measurements can be judged, in the
sense that the better the measurement, the more closely does the function
l{uxIWy1* approximate the distribution of actual results.

In the second place, we see from Eq. (26) that the outcome of a real
measurement of position depends, not only on the state of the system, via
the function (x'|\s), but also on the details of the measurement process, via
the function K(x, px; x). In the limit of perfect retrodictive accuracy, however,
the dependence on the apparatus (as represented by the kernel K) disappears,
and the distribution of results is determined solely by the state of the system
(as represented by the vector ). [{uxI\yl* does, so to speak, represent the
intrinsic distribution of position, independent of any properties specific to
the particular measuring instrument employed. In a real measurement, by
contrast, the outcome is (in a manner of speaking) contaminated by instrumen-
tal contributions, which one may try to reduce, but can never entirely
eliminate.

One typically regards the function I(uxI\)I* simply, and without qualifi-
cation, as the x-space probability distribution. It owes this canonical status
to the two features just mentioned. The result proved in Section 2 shows that
the Husimi function has analogous features. It describes the outcome of those
measurements which are retrodictively optimal, or “best.” It is otherwise
independent of the details of the particular process considered. It might
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therefore be regarded as the canonical probability distribution for position
and momentum.

In classical mechanics one has the concept of the “actual” distribution
describing an ensemble of identically prepared systems. Quantum mechanics
contains no precise analogue for this concept [unless one adopts a “hidden-
variables” interpretation, as discussed by Bohm and Hiley (1993) or Holland
(1993), for example]. Nevertheless, the result proved in Section 2 shows that
there are certain resemblances between the Husimi function and the classical
distribution. The Husimi function is clearly not the same as the classical
distribution. However, one might reasonably argue that it is the closest that
quantum mechanics allows us to get to the concept of a “real” or “objective”
phase space probability distribution.

APPENDIX. PROOF OF EQUATION (16)

Rather than working in terms of the functions p, 0y, it will be convenient,
instead, to work in terms of the measures

dpe = p(uxs, Ker) duxr dpes
dug = Qu(pxr, Her) diixr diter

We have from Egs. (14) and (15)
J ity 17 = J dhg 12 = (U, a1 (A1)

where z; is the complex coordinate defined in Eq. (13). Our strategy will
be, first, to establish a bound on the rate at which these quantities grow with
increasing 7, and then to use this to show that the measures Ly, pLo have the
same Fourier transform.

) is in the subspace Fy,. It can therefore be written

i

Ny = er el

for some integer /. Hence

1
A (n + ! (n+ D!
Wlag, @y = > = ” el < ,

Let p stand for either of the measures [y, [Lo. In view of the inequality just
proved, Eq. (A1), and the fact
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1
|Z)\-i|2n+1 < 5 (|Z)\-i|2n + |Z)\-i|2n+2)

we have

ol < [Gn+ 1+ 3/2)
Rl =" a4

for every nonnegative integer n. Hence

5 %J du 1Bz, + Yl < oo
n=0 Mn:

for all B, v € C. It follows that the functions explPzy + vz¥l and
exp(Pzx; + vzi) are p-integrable. We may therefore use Lebesgue’s dominated
convergence theorem (Reed and Simon, 1975, Vol. 1) to infer

N

. 1
J dup exp[Pzy; + vzE] = }[1_{1;10 Zo ; J dpp (Bzy + vz8)"

N

. 1
= lim Z{) ; J dug Bz, + vzb)"

= J duo exp[Bzy; + vzk]
for all B, vy € C. Consequently,
J dpp expli(kxpixe + kepter)] = J dpo explilkxpxr + kpptps)]

for all kx, ke € R. Inverting the Fourier transforms, we deduce

Hp = Ho
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